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17.5.1.4 Polytomous Categories: Ordinal Association

Now consider two ordinal characteristics such as severity of disease and obesity. One may have R = 4 categories and the other C = 3 categories. The interest is in measuring the strength of association between these two ordinal characteristics. The data can be arranged in a R×C table.



The association is high if higher category of one is more frequently seen with higher category the other. Association between severity of disease and obesity is high if more severe cases are obese. This is called concordance. If less severe cases are mostly obese, this is disconcordance. However, in this case you need to consider all possible pair of pairs. If one pair is (x​​1, y1) and the other pair is (x2, y2), they are concordant if x1 < x2 and y1 < y2 or if x1 > x2 and y1 > y2, and disconcordant if x1 < x2 but y1 > y2, or x1 > x2 but y1 < y2. Also pairs are tied for x if x1 = x2 irrespective of y, and tied for y if y​1 = y2 irrespective of x. In ordinal data, ties are quite common. For n subjects, there are a total of n(n – 1)/2 pairs since the pair [(x1, y1), (x2, y2)] is considered same as [(x2, y2), (x1, y1)]. For a 3×2 table (Table-) this can be explained as follows.

TABLE – Persons with two ordinal characteristics

	Characteristic-2 (y)     
	Characteristic-1 (x)

	
	Low
	Medium
	High

	Low
	a
	b
	c

	High
	d
	e
	f


Total persons n = a + b + c + d + e + f ;  Total pairs of pair = 
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 = T (check);

Concordant pairs = a(e + f) +bf = P;

Disconcordant pairs = c(d + e) + bd = Q;

Pairs tied on characteristic-1 (x) = ad + be + cf = X0;
Pairs tied on characteristic-2 (y) = a(b + c) + bc +d (e + f) + ef = Y0.

Now, various measures of ordinal association can be defined as follows. You may find varying definitions in the literature.


Kendall’s Tau-a: τa = 
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This is the surplus of concordant pairs over disconcordant pairs as proportion of the total pairs. If the agreement in pairs is perfect, Q = 0 and tau–a = 1, assuming no ties. If all are disconcordant pairs, P = 0 and tau-a = –1. Thus this ranges from –1 to +1. If ties are present, use  


Kendall’s Tau-b: τb = 
[image: image3.wmf])
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The denominator is now partially adjusted for ties (Check), and P and Q will also be automatically adjusted by definition. Tau-b works well for square tables where the number of categories for one characteristics is the same as for the other characteristics (i.e., R = C). Tau-b = +1 if the table is diagonal and Tau-b = –1 if all diagonal elements are zero (check). If the table is not square, the corresponding adjustment for the size is 


Kendall’s Tau-c: τc =
[image: image4.wmf])
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where R is the number of rows or columns, whichever is smaller. This is also called Stuart’s Tau-c.

Beside these variations of tau, there are two other popular measures of ordinal association.


Goodman-Kruskal gamma: γ = 
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This completely excludes ties from the numerator as well as from the denominator. This also ranges from – 1 to +1. If the number of disconcordant pairs is the same as concordant pairs, γ = 0. 


All these measures are symmetric in the sense that it does not matter which characteristic is in the rows and which in the columns. Both are treated same way. For directional hypothesis such that x predicts y, use 


Somer’s d = 
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where Y0 is the number of pairs tied for y. Note that only the pairs tied for x are excluded from the denominator.

Example: Association between Smoking and Drinking

Tai el al. (SY, Wu IC, Wu DC, Su HJ, Huang JL, Tsai HJ, et al. Cigarette smoking and alcohol drinking and esophageal cancer risk in Taiwanese women. World J Gastroenterol 2010; 16:1518-1521) studied smoking and drinking as risk factors for esophageal cancer in Taiwanese women. They did not study association between smoking and drinking but suppose the following table was obtained for cancer cases.

	Drinking
	Nonsmokers
	Smokers
	Total

	
	
	≤3.5 pack/wk
	>3.5 pack/wk
	

	Nondrinkers
	35
	4
	1
	40

	Drinkers
	 6
	2
	3
	11

	Total
	41
	6
	4
	51


For this table, n = 51, and T = 51×50/2 = 1275 (check);

Concordant pairs P = 35(2+3) + 4×3 = 187;

Disconcordant pairs Q = 1(6+2) + 4×6 =32;

Tied on x (smoking) X0 = 35×6 + 4×2 + 1×3 = 221;

Tied on y (drinking) Y0 = 35(4+1) + 4×1 + 6(2+3) + 2×3 = 215.

These numbers give


Tau-a = 
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Tau-b = 
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 = 0.35.


Tau-c = 
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 = 0.24.

Goodman-Kruskal γ  = 
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Somer’s d = 
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Note how widely different values are obtained by different measures. For this reason many workers do not rely much on these measures.
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